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1 Introduction 



Classically, a neutral, non-rotating, spherically symmetric black hole in vacuum is completely 
identified by the value of its (ADM) mass Madm (see e.g. [Q). Since gravity does not couple 
to any matter field - and we impose ab initio spherical symmetry - Madm is constant and 
the geometry possesses one extra Killing vector in addition to the Killing vectors which are 
associated to the spherical symmetry (Birkhoff theorem). The general solution of Einstein 
equations is the famous Schwarzschild metric. It describes an eternal black hole. 

Naively, we would expect both properties - the Birkhoff theorem and Madm = constant 
- to be broken at quantum level. The validity of the Birkhoff theorem in the quantum 
canonical theory of spherically symmetric gravity has been investigated in Refs. 0, [| |4[] . It 
has been shown that the Birkhoff theorem holds at quantum level, i.e. the quantum theory 
of spherically symmetric gravity in vacuum is a quantum mechanical system with a finite 
number of degrees of freedom (Quantum Birkhoff' Theorem) ||. Moreover, the Hilbert space 
of the quantum theory is completely determined by the eigenstates of the (gauge invariant) 
mass operator. 

The aim of this paper is to explore whether the other classical property (Madm = 
constant) holds in the quantum gravity regime as well. The result of our investigation is 
that quantum gravity corrections to the Schwarzschild mass appear at the second order in 
the curvature perturbative expansion. For instance, quantum fluctuations of the mass of a 
four- dimensional black hole are, for distances much greater than the horizon radius, 



where l v \ and m p i are the Planck length and the Planck mass, respectively (Notations: Here 
and throughout the paper we use natural units.) 

A number of approximations are needed to obtain Eq. ([!]). We will discuss them in detail 
in the following sections. Here let us just emphasize two important points concerning Eq. 
(JJ). Firstly, the quantum theory breaks down on the horizon(s) where the coupling constants 
of the perturbative expansion diverge. Therefore, Eq. ([I]) is strictly valid for distances much 
greater than the Schwarzschild radius of the black hole. Secondly, quantum fluctuations 
vanish for large radii, i.e. at large distances from the black hole. In the asymptotic regime 
the black hole behaves classically and the mass is constant. Quantum fluctuations of the 
Schwarzschild mass due to pure quantum gravity effects become manifest when the black 
hole horizon is approached. 

Equation ([!]) is obtained in the context of the nonlinear sigma model approach to 
spherically symmetric gravity whose basic ingredients are described in Ref. [[|. Firstly, 
N- dimensional spherically symmetric gravity is cast in a dilaton gravity form by integrating 
over the (N — 2) spherical coordinates. Then, by a canonical field redefinition the action 
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is transformed in a two-dimensional conformal nonlinear sigma model with a fixed target 
metric. The new fields are the dilaton and a gauge invariant field M which is constant on 
the classical solutions of the field equations and can be identified with the ADM mass of the 
black hole. 

The new action can be quantized perturbatively by expanding the metric of the target 
space in normal Riemann coordinates [|[ . Since the expansion parameter is proportional to 
the curvature of the manifold, the theory is a free field theory far away from the black hole 
horizon and for large ADM mass in Planck units. The perturbative theory turns out to be 
infrared and ultraviolet divergent. Infrared divergences are eliminated by the introduction 
of an infrared regulator m. The theory is regularized by usual dimensional regularization 
techniques. The consistency of the procedure is verified a posteriori by calculating the one- 
loop /3-function. The theory becomes asymptotically free at large energy scales, where the 
perturbative regime is valid and the infrared regulator can be neglected. 

The amplitude of the quantum fluctuations of the ADM mass at a given order in the 
perturbative expansion can be read straightforwardly from the two-point Green functions of 
the theory. This is possible because the nonlinear sigma model fields are the ADM mass and 
the dilaton. Since the fields have a direct geometrical meaning any problem related to their 
interpretation in terms of physical quantities disappears. 

The outline of the paper is as follows. In the next section we illustrate the classical theory 
of iV-dimensional (N > 4) spherically symmetric gravity. We start with the dilaton gravity 
description and then introduce the nonlinear sigma model picture. Although a part of this 
section reviews previous work (see @ and references therein), its content is useful to make 
the paper self-contained. Sections 3 and 4 are devoted to the classical expansion in normal 
Riemann coordinates and to the perturbative quantization of the theory, respectively. (The 
evaluation of the relevant Feynman diagrams is briefly outlined in appendix.) Finally, in 
Section 5 we state our conclusions. 



2 Classical theory 



It is well known || 0, §, |J that for spherically symmetric metrics the N- dimensional Einstein- 
Hilbert action (the Ricci tensor is defined as in JIU|) 



S (N) 



d N yy^GR( N \G) 



(2) 



can be cast, upon integration on the N — 2 spherical coordinates, in the dilaton gravity form 



S 



DG 



J d 2 x \/—g 



d 



(f>R i2 \g) - — ln[iy(0)](V0) 2 + V(cf>) 



(3) 
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where the dilaton field is related to the radius of the (N — 2)-dimensional sphere and W(<p) 
and V((j)) are given functions whose form depends on the iV-dimensional metric ansatz. 
(We neglect surface terms as they are irrelevant for the following discussion. For a detailed 
discussion about the role of boundary terms see e.g. |2|, [TT|, [□[ and references therein.) 



Theories of the form (^) admit the existence of the (gauge invariant) quantity 



M = N{(j>) -W/(0)(V0) 2 , N{</>) 



d0'[WWW)] 



which is locally conserved, i.e. 



V M M = 



(4) 



(5) 



Equation (]5[) can be easily proved by differentiating Eq. (0j) and using the field equations 
V (M V„)0 - 9flv V 2 + \g^V{4>) + ^ HW{4>)\ [V (M V„)0 - ^( V0) 2 ] = , (6) 



R i2 \g) + 2V 2 ln[W(0)] + 



0. 



(7) 



A further property of M is conformal (Weyl) invariance [f[4|. Indeed, by rescaling the two- 

^(x)A(0), (8) 



dimensional metric 15 



y(^) and W(4>) transform as 



v{4>) 
W(<f>) 



v{<j>) M(0) , 

W{<j>)A{<j>). 



(9) 



Equation (||) is clearly invariant under (|])-(|]). Using Eqs. @-(|[), the action @ can be 
cast in a simpler form by a suitable choice of ^4(0). Here and throughout the paper we 
will set ^4(0) = 1/W{4>) which corresponds to choosing the spherically symmetric ansatz 
(a,/3 = 0,...iV-l,/x,i/ = 0,l) i 



ds 2 N = G a(3 dy a dy 



^)]-(JV-3)/(iV-2) ^ dx v dx u + ^ x ^2/(N-2) dQ 



(10) 



JV-2 > 



> 0. 



With this choice W(<f>) — > 1 and the dilaton gravity action (|j) becomes 

S DG = I d 2 x [0# (2) G?) + , 



where 



V(</>) — [N — 2)(N — 3)(7 2 0)- 1/(7V " 2) . 



11) 



(12) 



4 



Here 7 = 16n l%~ 2 /V N - 2 and V N „ 2 = 2 7 r( iV - 1 )/ 2 /r[(iV - l)/2] is the volume of the (N - 2)- 
dimensional unit sphere dQ%_ 2 - On the gauge shell the quantity M coincides, apart from 
some numerical factors, with the ADM [|l] mass 

~V(Ar-2) 

M ADM = / iy _ 2 M . (13) 

This property will be essential in the following. 

The dilaton gravity action (Q) can be cast in a nonlinear conformal sigma model form. 
Here our treatment follows closely J2|. In two- dimensions the Ricci scalar R^(g) can be 
locally written as 

*«( 9 ) = 2V^, ^ = VV-xV,x-V,V^V- X 



where x 1S an arbitrary, non-constant, function of the coordinates. Equation (|T4]) can be 
easily checked using conformal coordinates. Since Eq. (|14|) is a generally covariant expression, 
and any two-dimensional metric can be locally cast in the conformal form by a coordinate 
transformation |16| |, Eq. ( |14|) is valid in any system of coordinates. 



Differentiating Eq. (^), and using Eq. (JfJ]) with x — the action (|3]) can be written as 
a functional of M and <fi. The result is 

r 2 V^M 

s= L dx ^NW^ + a> (15) 

where is the surface term 

S a = 2| s A^ V M [V> + <M1 . (16) 

Let us investigate the classical solutions of Eq. ([15]). Varying Eq. (p~5|) with respect to M 
and we find 

V^V>-V(0) = O, (17) 

V^MV^M + V^V^VM = . (18) 

Equations ([17]) and (|18D must be complemented by the constraints 

V (M 0V,)M - ^V CT 0V CT M = (19) 

which are obtained by varying Eq. (|15"D with respect to the metric g^ u . The general solution 
of Eqs. (|17])-(|]i|) can be easily obtained using conformal coordinates. Setting 

9iw = P ( J q j -» ds 2 = 2p(w, f ) rfwdu , (20) 
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Eqs. dl7|)-(|T8D and the constraints (|l9|) read 



d u d v <f>-^V((f>), 

Q a ^ , d u Md v M 
d u d v M + — — = 



N-M 



(21) 



d, t 6dM = 0- 



d v (j) d v M = . 



/From Eqs. (gty and ([TJ) it follows that M is constant, M = M . Using Eq. (|2Tp and 
the general solution can be written 



M = M , = 0O) 



N[<f>(*)) - M 



(22) 



where ^ = £/(«) + V(u), £7 and V being arbitrary functions. (The arbitrariness in the 
choice of \I> reflects the residual coordinate reparametrization invariance in the conformal 
gauge. Given U and V correspond to a particular choice of conformal coordinates.) The 
two-dimensional metric is 



ds 2 = 4{N(<f>) - M ]d u ^d v ^dudv 
= 4[iV(0) -Mo\dUdV, 



(23) 



or, using the coordinates [(ft = <f)(U + V), T = U — V), 

ds 2 = -[N(<j>) - M ]dT 2 + [N((f)) - M ] _1 # 2 . (24) 

The general solution depends on the single variable 0. This result is usually known as the 

Finally, substituting (|E^) in Eq. 

_1 dR 2 + R 2 dVL N _ 2 , (25) 



Generalized Birkhoff Theorem (see e.g. [|l3l |17| , |18| , [T 
and using ([It]) we have 



ds 2 N 



1 - J/R 



N-3 



dr 2 + 



1 - J/R 



N-3 



where 



t = (n -2)r ll{N - 2) t. 

i?=(70) V(Ar - 2) , 



(26) 



J 



7 



(JV-l)/(iV-2) 



(N-2) 2 



-M 



7 



iV-2 



-M 



ADM 



Let us conclude this section with a couple of remarks. We have seen that two-dimensional 
dilaton gravity can be described by a two-dimensional nonlinear sigma model with a given 
target space metric. In particular, for iV-dimensional spherically symmetric gravity the fields 
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appearing in the conformal sigma model are the dilaton and the ADM mass, i.e. quantities 
which have a direct physical interpretation. The description of spherically symmetric gravity 
in terms of geometrical variables is essential for the quantization of the model since the 
quantum fields can be directly related to the original spacetime geometry and problems 
related to their interpretation do not show up. The equivalence between the nonlinear sigma 
model action flT5| ) and the dilaton gravity action ( ]TT| ) can be proved at the canonical level 
as well. This has been done in Ref. @. The general canonical transformation includes, 



as particular cases, the canonical transformations discussed in Ref. p0| for the CGHS |2T 



model and Ref. 12 for the four-dimensional black hole. 



3 Sigma model curvature expansion 



The nonlinear sigma model fll5|) can be quantized perturbatively by expanding the target 
space metric in Riemann normal coordinates ||. Let us define the adimensional mass Ai = 
j 2 /( N ~ 2 ^M. The bulk term of the action (|15 ) in the conformal gauge can be cast in the form 
[a = (u,v)) 

S= [ d 2 aG ij (X)d tl X i d' x X j , (27) 



(28) 



where X° = A4, X 1 = cf) and the metric of the target space is 



Gij(X) 



1 / 1/2 

Af{X l )-X°\l/2 



) , Af(X r ) = 7 2/(JV - 2) iV(0) . 



Now we expand the target metric (p8| ) in Riemann normal coordinates around a point X(0) 
(vacuum expectation value). At the second order in the Riemann expansion the metric is 

H 

Gij(X) = Gij[X{0)] - ^R ijkl [X(0)]x k x l - ^R ijkl;m [X(0)}x k x l x m + 0{x A ) (29) 

where X* = X%0) + x\ x l = 8X\ Using Eq. (||) and substituting Eq. (||) in Eq. (|7|) the 
action at the second order in the Riemann expansion is 



S 



d 2 a C , C = - 



drfWyi + geijeudrfWyWil + gA q y« + 0{y 2 )) 



Here is the two-dimensional completely antisymmetric Levi Civita tensor, y % 
x 1 )/^, A q = (1 + g, 1 — g), and g, g, g are the adimensional coupling constants 



V[X\0)] 



1 V(<h) 



3A/'[A 1 (0)] - X°(0) 3iV(0o)-M o 



7' 



-2/(JV-2) 



2 V / 2AT[X 1 (0)] -XHO) 2V2iV(0 o )-M o 



(30) 
(a; ± 

(31) 
(32) 
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H0O 



VfX^O)] -X°(0)1 - VfX 1 



V^^o)] -x°(o) 



^(00 



[iV(0 o ) - M ] - V(0 O ) 



[iV(0 o ) - M ] 7 4/(W - 2) 



(33) 



where V = dN /dX l . Using Eqs. flTJ), fll3|) and © # and 5 read 
k N — 3 f l D i\ N 2 



1 



3iV-2 \i? 



1 «(iV-3)/(iV-2) 



_^ M ADM I Ijrf 

~R 



N-3 ' 



N-2 m pi 



7V-3 



2V"2 (N-2)' 



1 



1 - 



k M A dm ( V 
N-2 m pl \R 



N-3 ' 



(34) 



(35) 



-(iV - 2) 4 K~ (7V_4)/(iV ~ 2) | ^ 



4-N 



k M ADM I Ijrt 
(N-2) 2 m pl \R 



N-3 



R 



N-3 



N-2 m pl 



(36) 



where k = 16tt/Vn-2- Let us investigate the behavior of the coupling constants. For R — > 00 
and fixed Madm, i-e. in the asymptotically flat region far away from a black hole of given 
(classical) mass Madm-, Eqs. (|34T)-([36l) read 



k N-3 (l A 
3N-2 V R 

1 K 



N-2 



1 + 



Ipl 
~R 



N-3 



(N-3) /(N-2) fl pl \ N ' 3 



2V2 (N-2) 



N-3 



1 + 



>_pl_ 
~R 



(37) 



-(N - 2) 4 k (_7V " 4)/(7V " 2) ( ^ 



4-7V 



7V-3' 



1 + 



As expected, the Riemann expansion is an expansion in powers of the curvature, i.e. in 
powers of l p i/R. The theory becomes free in the asymptotically flat region where the first 
order correction to the free theory is of order O (^(l p i/R) N ~ 2 ^j. The perturbative expansion 
fails on the black hole horizon, the coupling constants g and g blowing up when R N ~ 3 — > J. 
The perturbative Riemann expansion is also valid for large values of Madm / m P i at distances 



R-jV(N-*)~l 



'M A 



DM 



l/(N-3) 



pi 



m p i 



(38) 
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In this regime the dimensional coupling constants fl34|)- ([36|) read 



(N-2)/(N-3) 



\M ADM ) 



\M ADM ) 
f m p i \ 



(39) 



(4-JV)/(JV-3) 



\M ADM ) 



and the Riemann expansion is an expansion in powers of m p i /M A dm- The theory becomes 
a free field theory when m p i/M ADM <C 1. 

4 Perturbative quantization 

In this section we quantize the theory at one-loop and at the first order in the curvature 
expansion (g = g = 0). Since the target space is not Ricci-flat, the conformal symmetry is 
not preserved at the quantum level. Conformal symmetry breaking implies running coupling 
constants and effective terms in the action that depend on the conformal factor. Since 
quantum corrections to the ADM mass due to these terms are subdominant we will postpone 
their discussion at the end of the section and work in the unit gauge. 

The vacuum-to- vacuum amplitude is (for notations see Ref. ||23|| ) 




(40) 



The free two-points Green function (propagator) is 




(41) 



At the first order in the Riemann expansion the perturbative potential is 



V 1 {y) = y -e ij e kl d,y i d^y k y j y l . 



(42) 



The corresponding Feynman rule for the interaction vertex is 




_i f[ ( 27r )^ (j^Pi) i £ ij £ kl(Pl -P2)(P3 ~Pi) + 

+ e ik e u {pi -ps)(p2 -Pi) +£u£ki{Pi ~ Pi)(P3 - P2)] ■ 



(43) 
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The one-loop correction of the two-point Green function is 



(2) 
ij > 



i y 2 rt (44) 

where 



^(2) _ f d v g +pj 

(2tt) 2 g 2 + it 

The (on-shell) one-loop correction of the four-point Green function (s-channel) is 




l 



P/J^l^P 4 p * +te (46) 



where 



Ax = 4(p!p 2 )[(piP2) - g 2 + g(pi +p 2 )] + g 2 [g 2 - 2g(pi + p 2 )] - 2[(gp 2 )(<?P3) + (3Pi)(sP4)] , 
A 2 = 4(pipa)[(pip2) - g 2 + g(pi +p 2 )] + g 2 [<? 2 - 2g(pi + p 2 )] - 2[(gpi)(gp 3 ) + (gp 2 )(gp 4 )] , 

^3 = 8[g(pi -p 2 )][g(P3 -P4)] • 

The two- and four-point Green functions (0) and fl46|) are infrared and ultraviolet divergent. 
The infrared divergence can be eliminated by inserting a infrared regulator. We will check a 
posteriori the consistency of this procedure by proving that the theory is asymptotically free 
in the ultraviolet region, i.e. that the theory is perturbative for large values of the energy. 
In order to regularize the theory we have to compute the ultraviolet divergences. Using 
dimensional regularization the divergence of the two-point Green function flii]) is (details of 
the calculation are given in appendix) 

[divergence rj 2 -*] = i-^—rjijp 2 , (48) 

where e = 2 — d. The divergence above is eliminated by inserting in the Lagrangian density 
the counterterm (minimal subtraction) 

cm= \(-£) d ^- (49) 



The divergence of the four-point Green function ([SJ) is (s + t + u-channels) 

11 

2^t 



[divergence v\f kl ] = i—ji e g 2 [r] i: jr] kl s + r^r^t + r] U r] jk u} , (50) 
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where s — (pi + P2) 2 , t = (pi + P3) 2 and u — (pi + P4) 2 are the Mandelstam variables. The 
divergence (M) is eliminated by inserting in the Lagrangian density the counterterm 



£ (4) 



6n e 



Finally, the one-loop renormalized Lagrangian density is 

r 

where 



^Ztd^yWyi + l -g^Z 2 e i3 e M d^yWy^y 1 



Z x = l- 



9 



1 - 



(51) 



(52) 



(53) 



2tt£ Gire 

Now we can calculate the /3-function and the anomalous dimension 7(g) of the y fields at 
one-loop. The result is 

5 



Integrating Eq. 



we obtain 



9 = 9s 



9 2 + 0(g' 



g_ 

2tt 



+ 0(g 2 ) . 



1 



5 , A* ' 
1 + — g s ]n-^- 

D7T fl s 



(54) 
(55) 

(56) 



where g s is the value of the coupling constant g at the renormalization scale /j, s . From Eq. (|56l) 
we see that g — > for /i — > 00, i.e. the theory becomes free at high energy scales (asymptotic 
freedom). The perturbative regime of the theory is realized at short distances, where the 
theory itself exhibits an ultraviolet stable fixed point. Since the model is asymptotically 
free in the ultraviolet region, it is possible to neglect the dependence of the Green functions 
on the infrared regulator. Solving the renormalization group equation at one- loop for the 
iV-point Green function, we obtain 



< yw2- ..yN;g,p> > 



g_ 

,9s 



7JV 



< ym- ■ - yN;g s ,^s > 



Now let us evaluate the two-point Green function at one loop. We have 



< yi{vx)yMi) >= -Vij ^ 



l--fL]n(£Y , + O(0 



47T 



In 



cri - cr 2 



(57) 



(5f 



In term of the fields x l the only Green function different from zero is 



< x°(a 1 )x 1 (a 2 ) >= - 



An 



1--Mn 

47T 



+ 0(g 2 



In 



(o"i - <T 2 ) 



(59) 
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As a result, at the first order in the curvature expansion, the one-loop quantum correction 
to the Schwarzschild mass is identically zero 

< 8M(<Ti) 5M(a 2 ) > = 0(g 2 ) . (60) 

Actually, a simple observation shows that the two-point Green function at first order in 
the curvature expansion is zero at any loop. This result follows from the invariance of the 
interaction Lagrangian density, Eq. (f42|), under Poincare group transformations in the y field 
space. Since the interaction vertex (f43[) has two 5M. and two 5(f) legs, and the propagator 
is anti-diagonal in the fields (5Ai,5<f)), any two-point Green function is necessarily diagonal 
[antidiagonal] in the y l [5A4,5<f)) fields, respectively. 

Let us now consider the perturbative potential at second order in the curvature expansion 

V 2 (y) = l -gge l3 e kl A q d ti yWy k y 3 y l y q • (61) 

This interaction breaks the Poincare invariance in the y field space. We have two different 
vertices: 

K 8(j) y 8M v 5M / 8(j) 

(62) 





where g 2 ~ ggg. 

Since V 2 (y) is an odd functional of the y fields we expect the interaction Lagrangian 
density fl61~|) to give a non-vanishing two-loop contribution to the one-point Green function 
<5M> 



8M 




(63) 



However, a straightforward computation of this diagram shows that < 5M. > is identically 
zero. The first non-vanishing two-point Green function for the 5M field at the second order 
in the curvature expansion is given by the Feynman diagram 

(64) 

The above diagram gives a non-diagonal logaritmic divergence to the propagator of the y 
fields. By adding the appropriate counterterm in the Lagrangian, the first finite, non-zero, 
two point Green function for the 5M. field is 

< 8M(a l )SM(a 2 ) >= ~^A\n (£) (1 + Bg 2 )(gg) 2 ln^ - a 2 ) 2 ] , (65) 
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where A, B are constant adimensional factors. 



Using Eq. ( p5|) we can estimate the upper limit of the quantum corrections of Madm- 
Since the perturbative expansion fails when gln(/i) ~ 0(1) from Eq. fl65|) we have 



Recalling Eqs. (|3"T|)and ( |3"9"D we obtain 

'I 



{AM ADM ) 2 <m 2 vl \{\ + B~g 2 ) gg 2 \. (66) 



N/2 

A.V.u,,, <//,,,, [^J , (67) 



N 



^M ADM < mpl l-p^)" N -" (« 



and 

A /W 4 n »,r < TO,_i I 

for -R// p ; ^> 1 and m p i/ Madm <S 1, respectively. 

Up to now we have neglected effective terms due to the dependence of the action on 
the conformal factor in d = 2 — e dimensions. Equations (|6Tf) and (|68|) make sense only if 
the contributions due to these terms are subleading. This is indeed the case, as we have 
anticipated at the beginning of this section. 

In the conformal gauge the one-loop renormalized sigma-model action at the second order 
in the curvature expansion is 

S = J d d a e-^l 2 C ren + S 9 + S ghost . (69) 

Here is the effective action due to the Weyl anomaly and C ren is renormalized Lagrangian 

C ren = X -Z x d^ Vi + l -g^Z 2 e l3 e kl d^y^y 1 + Iggtf Z& i& e kl d,yWy k y^y l A q y« , (70) 

where the divergent part of the renormalization constant Z% = 1 + Cg/e comes from the one 
loop Feynman diagram with one four and one five point vertices, respectively. Note that 
the conformal factor \l/ is a propagating field because the Weyl anomaly action contains a 
kinetic term for \]/. 

Expanding around d = 2 the leading order ^/-dependent term in the effective Lagrangian 
that violates Poincare invariance in the y field space is (recall that quantum corrections to 
the ADM mass are only generated by these terms) 

£? F m ~ g 2 g e<,- e kl A q d,yWy k y^y l y^ * . (71) 

Equation ( [7T] ) gives a contribution to < 5Ai(ai)5Ai(cr2) > of order 0(g 4 g 2 g 2 ) which is 
subleading to Eq. (|65|). Finally, at three loops Eq. (|6"ID originates the (Poincare breaking) 
term 

C c 2 F m ~ (gg~g? W¥ , (72) 
where is a symmetric 2x2 matrix. Equation (|72| ) gives a one-loop contribution to 
< 8M.((Ji)8M. (cr 2 ) > of order O ((ggg) 4 ) whose counterterm is again subleading to Eq. (]6~5D - 
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5 Conclusion 



Let us summarize the main results of the paper. iV-dimensional spherically symmetric grav- 
ity in vacuo can be reduced to a two-dimensional conformal nonlinear sigma model form, 
Eq. (p7|). The field content of the latter is given by two fields, M(a) and 0(a). The M 
field is constant on the classical solutions of the field equations. It coincides, apart from a 
constant factor, to the ADM mass of the system. The second field, 0, is related to the radius 
of the (N — 2)-dimensional (hyper)sphere [see Eqs. (|25|) and (p6|) 1. So both fields have a 
direct physical meaning. This property makes the conformal nonlinear sigma model formu- 
lation very attactive. Quantization of the theory in the (M, 4>) representation gives quantum 
corrections to the mass and to the radius in a direct and straightforward way. This result 
cannot be achieved in the usual Einstein [Eq. or dilaton gravity [Eq. ([3])] approaches. 

The perturbative quantization of the theory is straightforward. Firstly, the nonlinear 
sigma model target space is expanded in Riemann normal coordinates, i.e. in powers of the 
target space curvature. Then the theory is quantized - at any order - by usual quantum 
field theory techniques. The perturbative expansion fails on the black hole horizon(s) where 
the target space metric exhibits a singularity. This is not surprising: On the horizon(s) 
strong quantum gravity effects manifest themselves and a perturbative quantization must 
necessarily fail. Conversely, far away from the horizon(s) quantum gravity effects are weak, 
the sigma model target space is asymptotically flat and a perturbative treatment is possible. 
[The perturbative results hold also at distances of the order of the horizon(s) for black holes 
with large mass in Planck units - see Eq. (|38|) .] 

In this paper we have discussed first and second order corrections in the curvature ex- 
pansion. Surprisingly, first order corrections to the ADM mass are identically zero at any 
loop. This follows from the invariance of the first order interaction under Poincare transfor- 
mations in the (SM, Sip) field space and from the antidiagonal form of the field propagator. 
Therefore, quantum corrections to the ADM mass of a four-dimensional black hole are not of 
order AMadm ~ R 1 , as one would naively expect. The first nonzero quantum corrections 
to Madm arise (at least) at second order in the curvature expansion [see Eq. (j67|) and ([681)1- 

Equations (|67| ) and (|68|) are the main contribution of the paper. Pure quantum gravity 
effects make the classical ADM mass of a spherically symmetric black hole fluctuate according 
to Eqs. (^) and (|68|). Hopefully, this result may help to shed light on open issues in quantum 
gravity and black hole physics, such as information loss, black hole thermodynamics and 
black hole evaporation. 
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Appendix 

In this appendix we sketch the evaluation of the Feynman diagrams (|44| ) and (f46|). The 
integrals are evaluated by dimensional regularization. 



Two-point Green function 

By dimensional regularization the calculation of the one-loop two-point Green function ([44|) 
is reduced to the evaluation of the (Euclidean) integral in d = 2 — e dimensions 

'fW/^^, (73) 
J {2tt) 2 q z + m l 

where we have added a regulator m 2 to avoid the infrared divergence at q — 0. Indeed, 
discarding the ultraviolet quadratically divergent integral (see e.g. pi[ ) and Wick rotating 
to the Euclidean space (see Fig. 1, Eq. (|45|)) can be written 

rjf =^ w 2 /f. (74) 



The integral (|73|) can be immediately evaluated (see [231, Eq. (B.16), p. 317). The result is 



if = ^ 2 ~ 2 T(1 - d/2) (£) 2 ~" . (75) 



Expanding around d = 2 we obtain 

, frr 2 \ 1 

(76) 



If) = — (Ji 



; + ^(l) + j(y + ^ 2 (l)-^(l))+... 



where ip is the digamma function. Substituting Eq. ([T5|) in Eq. ( |71|) we obtain Eq. 



Four-point Green function 

With a little bit of algebra Eq. (f47D can be cast in the form [(s + t + w)-channels, d = 2 — e 
dimensions] 

r = g 2 [VijVkiCi + r]ikVji C 2 + miVkjCz] , (77) 



15 



Im A 




Figure 1: Wick rotation in the Qq plane. The two crosses represent the poles of the integral 
in the Minkowski space, I 2 . The latter is equal to —il 2 ■ 



where 



and 



Ci 

c 3 



~ut[h(t) + h{u)\ + (9w + 2t)I 2 (t) + (9t + 2u)I 2 {u) , 
--us[h{s) + h{u)\ + (9m + 2s)I 2 {s) + (9s + 2u)I 2 {u) 
--st[h{s) + h(t)\ + (9t + 2s)I 2 (s) + (9s + 2t)I 2 (t) , 



h(p)=^J 



d 2 - £ q 



(2vr) 2 (g 2 + ie)[(p - q) 2 + ie) 



(7S 



(79) 



In the reduction we have discarded the quadratically divergent integrals |24| and used the 
following relations 



d d q 



= PiPi 

(2tt) 2 (g 2 + ie) [(p - g) 2 + ie] 2p 2 



(d-2)I 2 (p) + ^h(p) 



+ % 
2 



/ 2 (p) - |/ 4 (P) 



cf'g p l g, p 2 

{2k) 2 {q 2 + ie)[{p - q) 2 + ie] = ~2 

d d q /)'(/; 



h(p) , 
d 2 g 



(2vr) 2 (p - g) 2 + ze 2 2[P> 2 J (2vr) 2 (p - g) 2 + ie ' 

7 4 (p) can be easily evaluated by inserting an infrared regulator and performing a Wick 
rotation similar to the one which is described in Fig. 1. [Zi(p) is infrared divergent and 
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ultraviolet convergent.] Using p3j [Eq. (B.16) p. 317] and expanding around d = 2 we have 

(80) 



hip) = -L(EX , 1 In 



1 + Jl + 4m 2 /p 2 



1 + 4m 2 jp 1 

Finally, substituting Eq. and Eq. (0) in Eq. fl77|) we obtain Eq. Q50|). 
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